The Jordan Normal Form

FATHHE YO, € (SFALRACEIIR) L0 n W7FE A BOR AL RL, 3 40T BLSE 0 T B 50 2%
PEARH of 5 x o Ax (ERTALIE R AT B MRS . AOBOI 2 PR A T B BATT 218 1 % T
SR TTLLAMAA — FERTER . H A LUKAERE A SR ST popar () = det (el — A) FIR RN
Pear () = Ty (e = A0, KBy, = 1,2,..., 5} i A HIRFGE S TRAURMIHE L, FRNHE, n) SEASAE
fi 2 BORBCER, VR Ty = no B TR R TR, BALS 55X R0 MR I 1 R O T L

I,

Definition 1 AL Z X Ao DEAWA L AKX, FERLZ T plx) HAFERE A 020, i
p(A) = 0. KEE/DNHEIMRECH 1 IEAZ AT A /N FEH 2 T
Note: {£—2At, % X L 5 DEAL S AR

Proposition 2 #x/NEAL £ I X <& IR AFFE BLrfE—,

Proof: 4R, BT n W7 BEAEL I 2R Pk 23 () PR B0 n?, TR I, A, A2, ., AT AT REZRIETE G, B ZE D
FEAE—DNRBAET n? 2T p(x) 2 p(A) = 00 FECEEIAGNIE T DUIE B /N AL 2 T b SR A7
T, 18N pmins A FAME—, WAELEE p, WREBREN 1 EUZ T, H deg pmin = deg plins 1H
VER prin — proin TARAFHZ I, HIKBUMNT prins 5 pmin RN FUZ TG, L prin = Phin-

Proposition 3 /DB AKX IR G HFIES AXIRTELE S W Pmin Pehar I NFERE A FI5
INEAZ BERAFHAEZ T, W prin(D) = 0 B HALY pepar(2) = 0.
Proof: JGIE prin(A) = 0 ATHEH pehar(A) = 00 1 pmin(A) = (A—AD f(A), HHR/NENZ T E S,
1EE n € €, 15 f(A)n = 0 1H prin(A) = 0, XK Af(An = Af(An, BTl A2 A FIFFEE. 24
JEAEW pehar(D) = 0 FIHEHY prin(1) = 00 B An = Ap, W] A% = 2%, vk € N, XRIUEL LI h(x),
A h(An = hDn, BT pmin(DN = pmin(An = 0, FTEL prin() = 0. =
BN Pmin 5 Pehar AR, T LAIRATAT LML pyin (o) TR RAMEN [Ty (x — 1)),
XH r BOVRSIER A; 0484, B ATIR BB B n; HEEDIRECR .

Lemma4 HETR p(x) 5 po(x) HZE, M ker py(A)pa(A) = ker pi(A) @ ker py(A).

Proof: & 5EUEW] ker py(A) 5 ker pp(A) AHZE. A py 55 pp HIF, BILMEEZ TR £, g (44 1 =
FA)Pi(A) + g(A)py(A)e Fi a € ker py(A) N ker py(A), WH o = f(A)py(Ala + g(A)py(A)a = 0, B
BL ker pi(A) 5 ker py(A) AAHAZ . T ker pi(A) @ ker pa(A) € ker py(A)pa(A) £ BRI, FTLLA FHIEH]
ker p1(A)po(A) C ker pi(A) ® ker py(A). W a € ker pi(A)pa(A), M a = f(A)p(A)a + g(A)p,(Aa
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M f(A)p1(A)a € ker py(A), g(A)pa(A)x € ker p1(A), FTLL a € ker p;(A) @ ker py(A). n

Theorem5 AZ[EFHMAET IR FEREEA. C" = EB;ZI ker (A—A;D)7, T HAEEA™ ker (A—
AT A IAZR TN, BESS o € ker (A—A;D)7, #H Aa € ker (A— A1)

Proof: B4%, pi(x)=(x—A)7, j=12,...,sTHLEZR, X Hj-zl Pj(x) = prmin(x), KEEH Lemma 4
RI45 5 am 2518 "

[~ XSRS

Definition 6 /" XAFER & . TR o FOVERE A B TR Ay 19 k B SURERE, g
(A-A4Dka =0, 8 (A- LD e =00 B8, TEXRESUT, AR B ST,
Note: jordon 4% . ¥ o BB T 2; 1) k B SRR 1T, B4 o, (A — 4D, (A = ;D2a .., (A= 4D e
BRI o 2ERRAY Jordan B, TTLAIERT, Jordan PN ORI MEESS, J& T AR FRHEA Jordan
B IR TE

Proposition 7 WHRHEME A; BIFEECH rj W ker (A — A1) G ker(A— 4D G ... G ker(A— A;1)7 =
ker (A — /1J»I)ri+1 =.., BB U2, ker(A— AI) = ker (A= A1)
Proof: ker (A — L;1)F C ker (A — ;DKL vk € N FAL £ 56 R A AR L1

FATSEUEN] ker (A-A;1)7 = ker(A—/1]~I)rf'+1 ATLE o € ker (A—/IJ-I)rf+1 s BE Prmin(x) = (x=2;)7 f(x), Hi
Lemma 4 &1, 27 o € ker (A—A;1)7 Fll & € ker f(A) {13 a = oy +a, X RY & = a—ay € ker (A-A;1)1,
MIA & € ker f(A)Nker (A—/ljl)rfﬂ, HE fo) 5 (x—)tj)rf’L1 R, bha=0,a=a € ker(A-1;I)i,

SRIGUEM] ker (A — 4,171 G ker (A— ;D)0 WA AR, AT ker (A — 4,157 = ker (A — 4,17,
XFRIH C" = ker (A - AjI)rf'_l @ ker f(A), %456 Lemma 4 7] A (x — Aj)rf'_lf(x) = ANELZTIA, 5
(x = )i f(x) 72 A W DNEUZ AT E

% JeE e A ker(A—AjI)k, k=1,2,.., s#SiZ0H K. KA ker(A—/ljl)ri_1 G ker (A-A;D)7, A DAAF
fE o # 05 (A-A; DT = 04H (A=A, ' = 0, NI (A=A Da € ker (A—A;1)771\ ker (A—A,D)52,
F, (A— D% € ker (A— A2\ ker (A= ;D)7 ..., FiTbA ker (A — A1) 2 ker (A— ;D)7 2
- 2 ker (A — A;1). m
Note: [~ ker (A— ;1) R BT A; () SCRHE F B A B Ze b 1), Shdm iR, 5 A; IFREK
Ny Wk <rj, HBIRIFETRT A B0k Y] SCRFER & vk > rj, BIRAIFIERT A B kBT X
FFAE M) & o

Proposition 8 AR IS R ERM K £ . WHFE A RHEE A; 8809 r;, REEByn;, W
A dimker(A— A7 =n; >r;.
Proof: it V; = ker (A — A;1)", n; = dim V. Hi Theorem 5 %I, C" =@ V;, Bl ¥ n}=n. B A {ERH]
FEAZ TR V; EARERR A, BSEN A 2o ik, R A —MRIEE, B A; %R
Z AN (x - )Lj)"}o Hi A 5 A ZIEFIRARR Ay BIRFAEZ T A BIRFAE 2 T, Bl n)
DIRNTEET UM E S njo S5ARTHCIER Xnf = Yny, BUA nf=nj;, vj=1,2,..,s.

o € ker(A-ND)T 2@ T A Wy B SCRHIE [ 8 GXFERT o — 22 AFAE/T, Z I Proposition 7),
W a, (A=A;Da, (A—/le)Za, o (A—/ljl)rf'_la € ker (A=A;I), B cla+cz(A—AjI)a+---+c,j(A—Ajl)rf_la =0,
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(A= 4D RSB ¢ = 0, BEMH (A- D2 {ERHSXWAE ¢, = 0, REH
(A= XD FIERRAERIF R ¢ = 0, k=1,2,...,rj, FTEL ker (A= 4,17 ry DNERTETCRHI A&, Firbe
dimker (A —A;0) > r;. n
Note: J&F 4, KT AT SURFAE R B0 I FOHEMCE T 2, AR B, — s, Sl TiEwT LA
TE LA WUATEE m; = dimker (A—A;D). 28R, J&T A; WIFTA RFAE ] B 2 R A 2 1 2 ) F) 24 5 55
T A B LTS AR, ny>my, HHAN =1 FEEE S

Theorem 9  (ayley-Hamilton ST 32 . 255 n M T EE Ay B penar = det (xI — A) 42 A [IFFAE L T, Wb
Pehar(A) = 0, RIFRFAEZ s F A 2 T
Proof: 454 Proposition 3 Fl Proposition 8 i /N 4k 2 i X 1] #EBRAFHE Z T, i A5 10 [

Jordan {5 EEBY
Definition 10  Jordon 3% 4= Jordan ZL4ET% . k By B =FHRE J.(A) BN k x k KN Jordan £, Wi H
HIEA
A1 0 0 0
A1 « 0 0
A o 000
Je(D) = AL+ N = o (1)
A1
A
HH Jordan R AT 3 B A FEFERR A Jordan ZUHERE, HIFHH AR
Tk, (A1)
A
J= Jk,(A2) | 2
]km(Am)
Note:

i) kxk K/ Jordan B Jo(A) BB/ NEAL Z A SHE L AN (- A)F, BN = Ju(A) - Al
SRR, EERECN K.
i) Jordan ZYHEFE AN E () Jordan Bt n] GeAG AH [E B EXT A TG Ao IXZBEIAPIA k x k KN
Jordan H4 s A HEBE AN BEAL N —AN 2k x 2k K/NET Jordan $,
iii) Jordan B u, (of — AI ), ..., (o — AF "\ SRR ZR ME 25 IR R 2R VAR e of (AR T3 0], HL
o TEIXHFE T HIFRER IR k x k K/ Jordan 3 Ji.(2).
iv) A of FEIERHIE T HIFERE RN Jordan RUAERE diag { i, (A1), T, (A2), ..., Ji, (Am)} 2 HAX
X HFE ) m 4% Jordan BEZH G,
u, (A = Ay, o (A — ATy, i=1,2,....m. (3)

Theorem 11 The Jordan normal form. EXU% € LHMERE n 7 FE A #AHLLT3EAS Jordan RUAERE J, BRI
N AT Jordan FRUERL. JREN, XHE— C" > C" LM of 5, HBAEE C" 1 — 43, 15 o £
BEEE T B MR 2 Jordan BUHE [
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Proof: i Theorem 5 1, 4%%[A] C" Al 73 fENE T4 of AR TEEEMN, H o EHNMAZ T
8] E# A — AR . WA AR fr B B St AR e of R — AMRFIEE A
F SR IEARVEAIE B o B0 BT n 465 3 (8] 2R e bior . AR, n=1 BHE BT, BRI E
NP € XAEYERU N T n A A EIAMARAL. BAHEW, (o — A7) FHEE img (o — A.F)
& o AT BN AR o BIFFIEE, FTLh dimimg (of — A7) =n—dimker (of —A.F) <n. HIH
ONEEE SN, img (of — AT) AR R — 41 3
w, (-2, (d—-A25y .., (d-A9kly,  i=12..m (4)

KN u; € img(of — AF), FrUMFAERE v 1F o = (of — A ). WHEE o ; 175
m k
ZZO[LJ‘(‘Q{—AJ)]V,' =0 (5)
i=1 j=0
H (ot —2.57) 1E S P32, I 1) 40 Equation 4 2 ERIETE ORI, BTl o ;= 0, 1<i<m, 0< j < k-1
FHL, A (o — A9y fE img (of — A7) OBk, BTl oy =0, 1<i<m. HAE4l
v, (A =2F)w, (-2, .., (d-2Fkv,  i=12...m (6)

Mook, KikmEHY T O B— A, WIMAMEREN W, i=1,2,...,t. BN (A —AF)w €
img(d —A5), &

m k-1 m k—1
(A =AW =Y 3 (ol = ATV =(d = 19) Y. > o (ol — 1Ty, 7)
i=1 j=0 i=1 j=0

iE, Wi = ZZai,j(ﬂ —/L])jvl-, w; = 17\/1' _Wi’ )R“Jﬂ%tlj w; € ker(&f— Aj) ZEILS Ke/4 Eq##?ﬁr'ﬂ%o

i b, s

v, (A —-AF)v, (A —Af)zv,-, e, (A —}Lf)kivi, i=1,2,...,m, Wi, Wo, .o, W (8)
& O A, HZRMARH of fEIEE T IFEFER R Jordan AR RE "
Note: S 4a 3% . AT ER AR EHRSG Jordn AT AR FE £ . Jordan bR R EFAE(E Ay FEERS
e LBV TILRMURAL, LA,y Tx A4 76 2 10 Jordan SRS T HULATRAL, B2,
X LR ITC R BN A =i 1) Jordan BRI A0S T A8 50 280k, 47 A 11 Jordan FrifERL Ny

31 0 0 0

3100
30 0],
3 1
3

IBARALME A = 3 KRR, JUTER. 58078 5, 2, 3.

Proposition 12 Jordan 47 B iy pe—1E . FEFE A [ Jordan ARAEZRY ]t 1x 1 K/ Jordan Bt J1(4)) 1
NMECH 2dim ker (A — A;1) — dim ker (A — A;1)%, 1 — &K k x k K/ Jordan £ Ji(A)) /M %Ch

2dimker (A — 4;DF — dim ker (A — ;DF! —dimker (A— DY, k>2. 9)
FHULRT AT, 7620 Jordan BHEFIT 45 F T, Jordan ARifE R 2 k1),
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Proof: it UL 1; NEXALITE M Jordan I ; A, k x k K/ Jordan B Ji(4)) A (k) A, 414
MEE Jordan HBYAE P IR T AN AE I DL R Z 51
dimker (A — A;I) = B;
dimker (A — A;,1)* — dim ker (A — A;I) = §; — ;(1)

dimker (A — /1J-I)k+1 — dim ker (A — )LjI)k =B = (Bi() + B;(2) + ... + B;(k)).

XA LAFAE AN dimker (A — )le)k SEETHIE (J - Ajf)k FoTERAEN 0 IAIMEH, M- )le)k+1 kb
(J- AjI)k 2 ORI ZEFCRIE T 450K T k 11 Jordan i, n

Summary

AR Z ANV, SIAN T RANENZ B, FFIEY 1 /N0 2 0 US RRAIE 2 T
A AR, KRB 5 & i B ORR O AECE S, AR R & I E BN IR S RENA T
T8 Lemma 4, & IEEE 42 0 A0 TR TR EM . BEERNINHTT
SURFAEIA AT Jordan B E S, W10 T &R SCRFAE 1) 8 BT 5K B 2 1t 23 R) 2 an AT A2 4 Ky, 9
UER] T ARBCE RO AN THRE, Rl F 4 2 T B ERAFAE 2 K. IX 2 Cayley-Hamilton &
HPrRR RN . B RATEH T Jordan BUHE R E S, UERT TAE—T7 FE#E S A Jordan ZYRE FEAH
fel, I HAEFEFh = X FIXAS Jordan %R R I & ME— T



